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Effect of Microwave Radiation on the Ionized Gas behind a
Strong Normal Shock Wave

K T YEN*

General Electi ic Company, Philadelphia, Pa

An analytical study of the interaction between microwaves and a fully ionized gas behind
a normal shock wave is presented The governing differential equations derived by a quasi-
steady analysis aie used to obtain the nondimensional parameters and integrated to yield the
"first integrals" of the momentum and energy equations A modified Prandtl relation is de-
rived from which the final equilibrium state of the ionized gas can be found lonization is
seen to increase the final equilibrium density, whereas microwave heating tends to reduce its
value It is further shown that thermal choking of the ionized gas occurs at a critical micro-
wave power level, which is a function of the Mach number ahead of the shock wave, the re-
flection coefficient of the microwave, and the ionization potential expressed in terms of the
neutral gas temperature ahead of the shock wave At higher power levels, the shock wave
moves upstream allowing additional microwave heating of the ionized gas A formula is
given for the determination of this equivalent higher Mach number At a sufficiently high
power level (but slightly below the critical value), the mean gas temperature is shown to attain
a peak value higher than its final equilibrium value This peak temperature actually repre-
sents the uppei bound of the mean gas temperature for a given initial Mach number

I Introduction

IN flowing through a strong normal shock wave, a neutral
gas can be ionized When microwaves are directed at

the ionized gas along the flow direction, interaction of the
ionized gas with the microwaves will occur The present
study of the interaction problem will be concerned with the
determination of the thermodynamic state (pressure, density,
and temperature) the flow state (velocity) of the gas, and
the reflection and propagation of the microwaves In view
of the well-known thermal choking phenomenon, it is of in-
terest to determine the microwave power level at which the
choking will occur and to see what happens to the flow at a
higher-power level

Evidently, this mathematical problem is a very difficult one
Even the simpler problem of microwave propagation in a
medium with fixed nonuniform electron distribution is
known to be a formidable one and few exact solutions are
available Therefore, in the present study, only the case
where complete, or nearly complete ionization is achieved
by the shock wave is considered By using the conservation
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laws and certain integral relations, it is shown that the final
equilibrium state of the gas can be determined without diffi-
culty In addition, some physical features of the interaction
problem are discussed in some detail

II Basic Equations—Nondimensional
Parameters

The incident microwave field is assumed to be plane
polarized (in x-y plane) and is of the form EI exp{i(co£ —
kx)}, where EI is a real constant, and no steady electric or
magnetic field is present Propagation of microwaves into
a nonuniform plasma generally gives rise to reflected waves
ahead of the shock wave of the form E\R exp{i(co£ + kx)},
where R = R exp(z#), R being the reflection coefficient and
6 the phase shift angle The transmitted waves E(x)
exp(£co£) will be gradually damped out by the finite resistance
of the ionized gas, and a portion of the incident microwave
energy will appear as thermal energy and kinetic energy of
the gas These are the main features of the interaction be-
tween the microwaves and the ionized gas Others such as
the possible excitation of the longitudinal electrostatic waves
and higher harmonics of the transverse electromagnetic
waves will not be considered

To treat the interaction problem, the microwaves and the
flow of the ionized gas must be considered as one "system "
In a quasi steady state, the physical quantities of the system
may be conveniently separated into time-averaged (or
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mean) values and periodic fluctuations 1 The mean physical
quantities can be shown to be governed by the "flow equa-
tions" obtained by time-averaging the complete nonsteady
macroscopic equations By subtracting these flow equations
from the nonsteady macroscopic equations, the resultant
time-dependent equations, called the "field equations,"
govern the oscillations of the system These two sets of
equations together with Maxwell equations constitute a
determinate system of equations for the interaction problem
In order to render the analysis tractable, however, simplifi-
cations of these equations can be made by adopting proper
assumptions, as carried out in Ref 1

Let the mass density, the number density, the temperature,
and the pressure of the neutral gas ahead of the shock wave
be denoted by pi; n\, T\, and pi, respectively The flow
direction is taken to be along the positive x axis, and the ve
locity of the neutral gas is u\, a constant Behind the shock
wave of proper strength, ionization of the neutral gas is
taken to be complete, or nearly complete For simplicity
in the analysis only monatomic neutral gases are considered,
but extension to other neutral gases presents no essential
difficulty

Behind the shock wave, the mean flow quantities (here-
after called flow quantities for brevity) are denoted by Ui,
T^ p^ Ui, and n , Te,p,u for ions and electrons, respectively
Charge sepaiation effects will not be considered Thus,
Ui = n = n, and Ui = u = u Because of the vast difference
in mass between ions and electrons, the ion velocity is essen-
tially the flow velocity u By the same reasoning, the
velocity fluctuations vr are due to the transverse oscillations
of the electrons These oscillations yield the current j,
which satisfied the current equation

(1)

where rj is the electrical resistivity of the ionized gas, and me
is the electron mass (ion mass is denoted by m*)

For the present problem, the flow equations are the con-
tinuity equation, the momentum equation, the energy equa-
tion, and the equation for energy exchange between electrons
and ions as given below:

(d/dx)(nu) - 0 (2)

(d/dx)(minu'i + nkTi + nkTe) = < j X B > (3)

ax (2

nuk(Ti = <J E> (4)

- nukT,A = 6m.
/ mi vnk(T - (5)

where the symbol (} denotes the time average, and v is the
collision frequency of electrons and is related to the re-
sistivity 77 by the relation rj = m c^v/n e2 2 These equations
have been derived rigorously in Ref 1 The equation of
state is p = pi + pe = kn(T + Ti) All electromagnetic
quantities are in electromagnetic units (the electron charge is
—e/c) The energy transfer rate from electrons to ions as
given in Eq (5) is obtained from Ref 3

In the above equations, the time averages can be expressed
in the following form by the known technique4:

(6)

0 £} - SF; + co2 (8)

where E2 = Er
2 + E^ (Er and Ei are the real and imaginary

parts of E, and E is now in electrostatic units), and cop is the
plasma frequency defined by

In Eq (6), the terms denoted by 0(v/oo) are higher order
terms in (z//co) and can be omitted for (*>/co) « 1

From the Maxwell equations (in electromagnetic units)
-(£>£/&) = V X E (10)

47TJ + (l/c)2(c)£/dO = V X B (11)
and the current Eq (1), the following equation can be ob
tained:

<PE , /«VL a>,*(tV+<o)
^ + W I („» + «»)«

This equation governs the propagation of the microwaves
Eq (2) shows that nu = niUi, a constant Equations (3-5

and 12) form a determinate system for the four unknowns u, Ti}
T , and E The complex reflection R is also unknown and
may be regarded as an eigen value of the problem

From the governing differential equations, nondimensional
parameters pertinent to the problem can be obtained ni}
Ui, TI, and EI are used as the typical quantities, and for the
typical length li = c/co is used The following nondimen-
sional parameters are obtained:

Power (density) Ratio

Mach Number

Frequency Ratio

Ml =

(13)

(14)

Collision Frequency Parameter

Energy Transfer Parameter

(15)

(16)

(17)
where ai2 = 2ykTi/m^ and the subscripts 0 refer to the
conditions of the ionized gas immediately behind the shock
The Mach number defined differs from the conventional one
for neutral gas by a factor of 2~1/2 The energy exchange
parameter pertains to the energy transfer from electrons to
ions by elastic collisions Let T\QU be the ionization potential
of the gas in °K 5 Then an additional parameter is ri0n =

The nondimensional variables are defined by
rri /Tt

U 1 e ±i

(18)

Now the assumption is made that the microwave inter-
action can be ignored across the shock front The state of
the ionized gas immediately behind the shock front can be
specified by the velocity UQ, and the mean temperature T0 of
the gas defined by T0 = i(7\-o + 2%) By integrating
Eqs (3) and (4) across the shock front, the following two
equations for UQ and T^ or ju0 and r0 in nondimensional form,
are obtained (7 being taken to be f):

m STT v* + (7) ———
5M!2 j

= 1 4- (19)
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TO = (20)

The last term in Eq (20) accounts for the ionization
energy k T-lon required to ionize the gas completely Solving
Eqs (19) and (20) for /z0 and TO

_ 5 /I

~ 8 V ~

5M!2

- Mo

(21)

(22)

If the temperatures of the electrons and the ions immedi-
ately behind the shock front are assumed to be the same, the
values of /x0 and TQ given by Eqs (21) and (22) can be taken as
the initial values of u, r<, and re in the interaction problem
Otherwise, /x0 and TO may be regarded as the reference ve-
locity and temperature for the ionized gas

The collision frequency for a fully ionized gas (with ionic
charge Z = 1) is2

v = 1 85nlnA/(r Ttf1* (23)

It is found from Eq (23) and tfie continuity equation that

(24)

3/2

1/2 i^_\
\2ykTj

/2

(25)

(26)

where M0 = ^0/(27^r077
1)1/2 Equation (26) indicates that

the physically meaningful typical length for energv transfer
between electrons and ions is essentially the mean free path
of the electrons multiplied by the ratio (mt-/m)1/2 It is
noted that for given Op, 0 , <7, £2 »•, JL% and TO, all the quanti-
ties HI, HI, TI, MI, UQ, UQ, TQ, Ti<m; and Efc can be calculated
for chosen co and m,- Thus, the interaction problem can be
specified by a proper choice of these six parameters

By using the foregoing relations and the assumption that
!is <<C 1, the governing differentia] equations, (3-5 and 12),
can be written in the form as follows:

TA =

/

2 p c

d£ \2 M "^

d2er"777 ~r e —

18

(28)

(29)

(30)

To solve this problem as an initial value problem, a choice
of the reflection coefficient R and the phase shift 6 of the
microwaves must be made, since

= 1 + R cos0 = R sin0 (32)

(33)

These chosen values of R and 0 may have to be adjusted
until they become compatible with the final state of gas

(see Sec IV) and the electron distribution n(Q Thus? an
iterative procedure is necessary, and this is evidently difficult
to carry out Fortunately, for the present problem the re-
flection coefficient R can be obtained approximately by ob-
serving that most of the reflection of the microwaves occurs
at the steep front of electron distribution Thus, only minor
adjustments are needed In this manner, some approximate
solutions of the interaction problem have been obtained by
using analog computers 6

III "First Integrals" of the Momentum and
Energy Equations

Because of the nonlinear nature of the problem, analytical
solutions appear to be out of the question However, some
physical features of the problem can be understood without
these detailed solutions This can be achieved conveniently
by using the "first integrals" of the momentum and energy
equations derived below

From the Maxwell equations, (10) and (11), it is found
that

47rc2J X B = ~EXVXE-c2BXVXB-
B) (34)

X B)

since only transverse field components depending on x are
present

Time averaging of the foregoing equation yields for the
quasi-steady case

0 X B) = -
167TC2

1 i f ™ , /c\*dEdE*\T^—.• grad<^2 + ( - I ;r- T- f16?rc2 ( \co/ dx dx j

where .#* is the complex conjugate to
Similarly, it is found that

-*, (36)

The first integrals of the momentum and energy equations
can be easily obtained by using Eqs (35) and (36) These
equations are convenient for analysis of the final state of the
gas and the phenomenon of thermal choking For this analy-
sis, it is sufficient to take the electron temperature to be the
same as the ion temperature This assumption for the
electron and ion temperatures may also be considered as a
first approximation to the actual problem in which the elec-
tron temperature is generally higher than the ion tempera-
ture

Eqs (3) and (4), with Ti = T and 7 = f, become, by
using Eqs (35) and (36),

,
T + Or ( €»~ - 6r ——~

(38)
Integration of the above equations gives

+ 3 - + i (^\ <r (<? + — —\ =

+ + (1 + -1 cr (39)



74 K T YEN AIAA JOURNAL

K?)
der

-I- co2 ,+
3

(40)

These two equations are called the first integrals of the
momentum and energy equations, respectively The right-
hand side of Eq (39) is the total momentum passing into the
ionized gas far downstream, whereas the right-hand side of
Eq (40) represents the total energy It is of interest to note
that the reflection of the microwaves reduces the amount of
energy absorption rate by R2, but it increases the microwave
radiation pressure of the gas by the ratio 1 + R*

When the power ratio cr is of the order 1, all terms in Eqs
(39) and (40) with the factor uicr/c may be omitted because
HI <3C c Thus,

3r

der

= 1 + 10M!2

IV

T ion

Some Features of the Interaction
Phenomenon

(41)

(42)

In this section some general features of the problem are
discussed by using the first integrals of the momentum and
energy equations A modified Prandtl relation useful for
determining the final equilibrium thermodynamic and flow
state of the gas will be derived first Then the phenomenon
of thermal choking, the "moving shock wave" solution, and
the "peak temperature" of the gas will be discussed

Final Equilibrium State of the Gas; Modified Prandtl
Relation

Let a critical speed of a sound ai* and a critical Mach num
ber MI* be defined by

_ _ _
2 4Mi2 Mi* (43)

The final state of the gas is specified by ju2 and r%, which
satisfy, from Eqs (41) and (42),

(44)

(45)
From the foregoing three equations, it is found that
satisfies

(46)
This is the modified Prandtl relation When n0n = cr = 0,
it reduces to the Prandtl relation for normal shock wave 7

Solving for jit2 from Eq (46) ,

1/2 (47)

or

2.". = I

For a normal shock wave without ionization and heat addi-
tion, ju2 is known to be equal to M^~2, i e , the minus sign
in Eq (47) should be used Thus, ionization tends to reduce
the final velocity, whereas microwave heat addition acts to
increase its value

Thermal Choking; Moving Shock Wave Solution

Equation (47) shows that an upper limit of the heat ab-
sorption parameter (1 — R2)cr exists above which ju2 becomes
complex and no physical solution can be obtained This
occurs when

-«•-HO-s!= 1/2

and
(49)

(50)

Since the final Mach number M2 is given by

T2

-2} (51)
the limit (or critical value) of the heat absorption will be
reached when Mz is equal to 1 This phenomenon is known
as thermal choking 8 Equation (49) can be written as

(52)

A question may be raised: What happens if o is increased
to a value beyond the critical value cr ? A possible solution
is obtained by assuming the shock wave to move upstream
at a constant speed and the flow far downstream to remain
choked It is evident that, mathematically, by a coordinate
transformation the shock wave can be made stationary in
a new coordinate system Thus, this moving-shock wave
solution is equivalent to another stationary shock wave
solution at a higher Mach number To determine this new
Mach number, let a new power ratio a' independent of the
coordinate transformation be defined by

(53)

Then, a = a'Mi~*, and Eq (49) may be written as

(1 -£2X = 1 A _ _
S 32 V 2Mi

(54)

Let o-cr' be the critical power ratio for Mach number MI, and
for a value of o-'(<r' > o-cr) the equivalent Mach number be

Then X satisfies the following equation:

^^.lA.-L-^
Z3Mi3 32 \ 2X2MSJ

This equation may be used to obtain X for given cr', R, MI,
and Tion However, R cannot be chosen arbitrarily as men-
tioned earlier Hence, an iteration procedure must be used
in using Eq (55) to solve for X

Equation (55) can be used to determine the amount of power
(density) absorption (1 — R2)(rf for given MI, n n, and X
For example, let ri0n = 124 3, MI = 10 and X = 1 Then
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Eq (55) gives (1 - R^v'/M^ = 0 551 Now if X is taken
to be 15, then (1 - R^v'/M^ = 105 This means that,
if the shock moves upstream at 50% of the velocity of the gas
ahead of the shock wave, almost twice as much power
absorption can be achieved by the gas downstream

Peak Tempei ature of the Gas

From Eqs (27) and (28), solving for dp/d% and dr/d%
(omitting terms with the factor u\<r/c),

dr 2(3r -
-/(€,M)d% 9(r — MI

where r is the mean temperature of the gas,
r = \(r + n]

e2

(56)

(57)

/(6,/i) =

It is seen from Eq (57) that (dr/dQ = 0 when 3r - 5Mj V
= 0 This means a peak "mean temperature" may exist in
the flow with a value higher than the final equilibrium tern
perature By using Eq (41) and the relation 3r — 5M"i V2 =
0 the values of ̂  and r are

2\ (58)

(59)

From Eq (45), it is found that when

(Tion ~
27

400M!4

this peak mean temperature coincides with the final equilib-
rium temperature It follows that, for (1 — R2) cr smaller
than that given by Eq (60), the mean gas temperature in-
creases monatomically downstream and approaches the final
equilibrium temperature asymptotically On the other
hand, for higher (1 — R*)cr, the mean gas temperature mon-
atomically increases first until it reaches the peak temperature
given by Eq (59) Beyond this point, the mean temperature
will drop from rp to its final equilibrium value far down-
stream This is because in Eq (56), 3r — 5Mi2/x2 changes
its sign, while n is always a monatomically increasing function

This peak temperature, which is a function of the initial
Mach number MI only, represents the maximum possible
mean temperature attainable by the gas This can be seen
from Eq (41), which may be written in the following form:

The maximum of 3rP/5Mi2 is found to occur when rp has
the value given by Eq (58)

The significance of the foregoing result may be explained
as follows: if the gas remains to be an ideal one behind the
shock wave, its temperature would be

bX1 -
Thus, the peak temperature attainable by microwave heat
ing as given by Eq (59) is substantially lower than n
For Afi » 1, rP ~ fr;

V Concluding Remarks

The problem of interaction between microwaves and the
shock-produced, fully ionized gas, as considered here, repre-
sents an idealized case Because of its relative simplicity,,
some features of the physical problem can be understood by
analytical methods Thus, the phenomenon of thermal
choking, the moving shock wave solution, and the peak
temperature of the gas have been analyzed In particular,
the peak temperature is shown to be the upper bound of the
mean gas temperature for a given initial Mach number
Since the ionization of the gas is assumed to be completed,
all of the microwave energy goes into heating of the gas
Therefore, this peak temperature represents an upper bound
for a given initial Mach number under all conditions
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